We present the general expression, in terms of structure functions, of the cross section for the production of two hadrons in semi-inclusive deep-inelastic scattering. We analyze this process including full transverse-momentum dependence up to subleading twist and check, where possible, the consistency with existing literature.
problem of two-hadron production where one hadron is in the current region and one in the target region [14] [15] [16] . The analysis has been carried out at leading twist and is somewhat complementary to our present work.
This paper presents a slight modification to the definition of the fragmentation functions compared to, e.g., Ref. [13] . This not only may help in the interpretation and presentation of cross section moments, but it also has the practical advantage that the two-hadron SIDIS cross sections, at any twist, can be derived from single-hadron SIDIS. Using this method, in this paper we present for the first time the expression of the TMD two-hadron SIDIS cross section at subleading twist including transversemomentum dependence. We cross-checked our result with existing literature for specific cases.
The paper is organized as follows. In Sec. II, we describe our notation, the kinematics, and we list the general expression for cross section in terms of structure functions. In Sec. III, we describe our new more general definition of the transverse-momentum dependent two-hadron fragmentation functions, including their new partial-wave expansion. In Sec. IV, the structure functions are mapped onto specific convolutions involving the TMD distributions and two-hadron fragmentation functions. In Sec. V, we compare with known results for specific cases in order to clarify our nomenclature. Finally, some conclusions are drawn in Sec. VI.
II. CROSS SECTION IN TERMS OF STRUCTURE FUNCTIONS

A. Definitions
We consider the process (l) + N (P ) → (l ) + h 1 (P 1 ) + h 2 (P 2 ) + X , (1) where denotes the beam lepton, N the nucleon target, and h the produced hadron, and where four-momenta are given in parentheses. We work in the one-photon exchange approximation and neglect the lepton mass. We denote by M the mass of the nucleon and by S its polarization. The final hadrons have masses M 1 , M 2 and momenta P 1 , P 2 . We introduce the pair total momentum arXiv:1408.5721v1 [hep-ph] 25 Aug 2014 P h = P 1 + P 2 and relative momentum R = (P 1 − P 2 )/2. The invariant mass of the pair is P 2 h = M 2 h . As usual we define q = l − l , where Q 2 = −q 2 is the hard scale of the process. We introduce the variables
The longitudinal polarization factor for the beam will be denoted λ e and α is the fine structure constant.
Of particular relevance for our discussions are the angles involved in the process. Two different sets of transverse projections are usually taken into consideration. In fact, we can define two different transverse planes: the first is perpendicular to (P, q), and the projection of a generic 4-vector V onto it will be denoted by V ⊥ ; the second one is perpendicular to (P, P h ) and the projection is indicated by V T . The corresponding projection operators, up to terms of order M 4 /Q 4 , turn out to be
and
We define the azimuthal angles [1, 17] cos
where
The azimuthal angle of the spin vector, φ S , is defined in analogy to φ h , with P h replaced by S.
For dihadron fragmentation functions, we need to introduce one more azimuthal angle. We first introduce the vector R T , i.e., the component of R perpendicular to P and P h . Defining the invariant
neglecting terms of order M 4 /Q 4 we can write
1 We use the convention 0123 = 1.
However, the cross section will depend on the azimuthal angle of R T measured in the plane perpendicular to (P, q). Therefore, we need to use Eq. (7) replacing P h with R T . We will denote the azimuthal angle of R T in this frame by φ R ⊥ . This choice is similar to what has been done in Ref. [18] , but here it has been realized in a covariant way. In Appendix A, we compare our definition with other non-covariant ones available in the literature, pointing out the potential differences depending on the choice of the reference frame.
It is anyway convenient to give the expression of the involved angles in specific frames of reference. The azimuthal angles are usually written in the target rest frame (or in any frame reached from the target rest frame by a boost along q)
In the center-of-mass (cm) frame of the two hadrons, the emission occurs back-to-back and the key variable is the polar angle ϑ between the directions of the emission and of P h [11] . The variable ζ h can be written in terms of the ϑ as follows
At this point, we remark also that the analysis of twohadron production can be done in terms of the variables (z h1 , z h2 , P h1T , P h2T ), of the two individual hadrons, instead of introducing the sum and difference of their momenta. This choice is more reasonable if one hadron is in the current region and one in the target region [14] [15] [16] .
B. Complete dependence of the cross section
The cross section is split in parts denoted by σ XY , based on the target (X) and beam (Y ) polarization, X and Y taking values U (unpolarized), L (longitudinally polarized) and T (transversely polarized). The structure functions will likewise have subscripts XY , with the same meaning. In a few cases the structure functions have an additional subscript, indicating a longitudinal (L) or transverse (T ) virtual photon polarization.
We introduce the depolarization factors [1] A(x, y) = y
C(x, y) = y
The approximations, which no longer depend on x, are valid up to corrections of order M 2 /Q 2 . The cross section will be differential in the following variables
The angle ψ is the azimuthal angle of around the lepton beam axis with respect to an arbitrary fixed direction, which in case of a transversely polarized target we choose to be the direction of S. The corresponding relation between ψ and φ S is given in Ref. [19] ; neglecting corrections of order M 2 /Q 2 , one has dψ ≈ dφ S . The dependence of the cross section on the polar angle cos ϑ and on the azimuthal angles φ h , φ R ⊥ , is transformed by expanding it on a basis of spherical harmonics. In particular, for the cos ϑ dependence we adopt the basis of Legendre polynomials, the first few of which read
with P ,−m = P ,m . For the one-particle-inclusive SIDIS case, the hadronic tensor is built by using 3 four-vectors, q, P, P h , and 1 pseudo four-vector, S. Since the target is a spin-1/2 particle, the hadronic tensor can be at most linear in S. By imposing the invariance under the usual transformations (parity, time-reversal, gauge), the hadronic tensor can be parametrized in terms of 18 structure functions [1, 20] . In the two-particle-inclusive SIDIS, even in the simplest case when the target and the two final hadrons are unpolarized, the pseudo-vector S is replaced by R and the hadronic tensor does not necessarily need to be linear in R. Actually, the number of partial waves depending on φ R ⊥ is in principle not limited, and so the number of structure functions is also not limited.
The structure of the cross section for unpolarized beam and unpolarized target, is similar to the one for the oneparticle-inclusive SIDIS, because it is dictated by the helicity density matrix of the virtual photon: there are two diagonal elements related to its transverse (T ) and longitudinal (L) polarization, and there are two interference terms. Then, in this cross section four different parts can be identified, each one displaying an infinite number of structure functions:
As explained above, there is no upper limit to max : there are infinitely many azimuthal modulations, in contrast to the 18 structure functions of single-hadron production. In this case, what limits the number of structure func-tions is conservation of angular momentum, as discussed for instance in Ref. [19] . Here, however, the presence of two sources of angular momentum (the total and relative angular momenta of the pair) allows for infinitely many combinations. The only constraint is that the sum of the coefficients of φ h and φ R ⊥ should be limited to at most 3: this is the maximum mismatch of angular momentum projections in the γ P system.
For practical purposes, in certain situations it may be possible to restrict the value of max . For instance, when considering two hadrons emitted through a vector meson resonance, max = 2. However, it is not possible in general to distinguish between resonant and non-resonant dihadron production, e.g., between non-resonant π + π − and resonant ρ 0 . The non-resonant dihadrons are not necessarily restricted to any finite value, although at small invariant mass higher should be suppressed.
The structure functions on the r.h.s. of Eq. (22) 
h . Along the same lines, the cross section for longitudinally polarized beam and unpolarized target reads
The cross section for unpolarized beam and longitudinally polarized target reads
The cross section for longitudinally polarized beam and longitudinally polarized target reads
The cross section for unpolarized beam and transversely polarized target reads
Lastly, the cross section for longitudinally polarized beam and transversely polarized target reads
In the above equations, we can identify 21 different classes 
C. Integrated cross section
As already observed in Ref. [19] , the cross section for two-hadron production integrated over the pair's transverse momentum has a similar form to the cross section of single-hadron production [1] , with φ h replaced by φ R ⊥ , i.e.,
where the structure functions on the r.h.s. depend on x B , Q 2 , z h , M h . The above formula can be obtained from the sum of the formulas in the previous section, observing that the only surviving contributions are the ones with values of m that cancel the coefficients of the φ h angle. Each of the 18 structure functions in Eq. (29) corresponds to a specific class F 
III. NEW DEFINITION FOR TWO-HADRON FRAGMENTATION FUNCTIONS
Throughout the paper, we will adopt the following notation for intrinsic momenta: k denotes the parton momentum in the distribution functions, p the parton momentum occurring in the fragmentation functions, while P refers to the final hadron momentum.
The general fragmentation process is rigorously defined starting from the correlation matrix ∆ [20] . Using the common shorthand notation for the trace of projections of the correlation matrix [10, 20] ,
choice of the operator Γ we can define a specific class of fragmentation functions. At leading twist, we have the three classes
where φ p is the azimuthal angle referred to p T [21] . Their probabilistic interpretation is depicted in Fig. 1 . With respect to the helicity density matrix of the fragmenting quark, the unpolarized D 1 corresponds to the sum of diagrams with no quark spin flip (those with (χ = χ = 1/2) and (χ = χ = −1/2) in Fig. 1) ; the polarized G 1 corresponds to their difference; and the chiral-odd H generalized Collins fragmentation function, corresponds to the sum of diagrams with quark spin flip (χ = χ ).
One advantage of this new convention is that at leading twist it associates the name and symbol of the fragmentation functions with the quark spin states (χ, χ ), while the various polarization states of the produced hadron system (|λ, µ and |λ , µ ) are associated with partial waves of the fragmentation functions. At subleading twist, the projection operators Γ select the socalled "bad" light-cone components which are associated to quark-gluon combinations; hence, a clear identification of such components in terms of good quark helicity states is not applicable.
A. Partial wave expansion
The fragmentation functions can be expanded in partial waves in the direct product basis |λ, µ |λ , µ , with λ λ , the relative partial waves of each hadron pair in Fig. 1 . However, the structure functions in the cross section of Eqs. (22)-(27) are related to specific partial waves in the direct sum basis. Then, it is more convenient to reexpress the expansion in the basis | , m , where = λ⊕λ is the total partial wave of the hadronic system.
For each class of fragmentation functions in Eqs. (31)-(33), the partial wave expansion is accomplished by expanding the dependence on the polar angle cos ϑ and on the azimuthal angle φ R ⊥ − φ p on a basis of spherical harmonics, in the same way as was done for the cross sections (22)-(27). Then, we have
and likewise for the higher twist fragmentation functions. All non-expanded classes explicitly depend on the variables z, M h , |p T |, cos ϑ, φ R ⊥ − φ p , and implicitly depend on Q 2 .
If the correlator ∆ of Eq. (30) is considered as a Hermitean 2 × 2 matrix in the quark helicity basis, each diagonal element is complex conjugate of the other. Their sum gives twice their real part and is proportional to the class D 1 ; their difference gives twice their imaginary part and is proportional to the class G 1 . Hence, when D 1 and G 1 are expanded onto the basis of spherical harmonics, the former contains only cosine components of the azimuthal angle φ R ⊥ − φ p while the latter only sine components. The class H ⊥ 1 , being related to helicity-flip matrix elements, contains both components.
Each expanded fragmentation function appears in specific structure functions in Eqs. (22)-(27) for a given partial wave ( , m).
Note that the cross section for any final state polarization, when written in terms of non-expanded fragmentation functions, is identical to that for a single pseudoscalar meson production, which is simply the |0, 0 component of the final state polarization. This allows one to compute the cross section for any final state polarization, at any twist level, given the cross section for pseudoscalar meson production at the corresponding twist level.
IV. STRUCTURE FUNCTIONS IN TERMS OF DISTRIBUTION AND FRAGMENTATION FUNCTIONS
For a specific partial wave ( , m), each structure function occurring in Eqs. (22)-(27) can be written as a sum of convolutions with the form
where the fragmentation functions D q | ,m have been defined in Eqs. (34)-(36) for the leading twist case (and similarly for higher twists).
The leading twist structure functions for unpolarized beam and unpolarized target are
while the twist-3 structure functions are
The leading twist structure functions for longitudinally polarized beam and unpolarized target are
The leading twist structure functions for unpolarized beam and longitudinally polarized target are
The leading twist structure functions for longitudinally polarized beam and longitudinally polarized target are
The leading twist structure functions for unpolarized beam and transversely polarized target are
and at twist-3 the structure functions are
because one of them is the cross section for a single pseudo-scalar meson production, while the other one is the angular integrated dihadron cross section. The = 1 states are not experimentally distinguishable. They contain a contribution from the interference of relative partial waves s and p ([λ = 0] ⊗ [λ = 1] and viceversa), and from the interference of two p waves (
in agreement with Ref. [11] . We now clarify our notation by recovering known results in the literature for specific final hadronic systems.
A. Single-hadron SIDIS
For the production of a pseudo-scalar meson, only the |0, 0 final state polarization is possible. Hence, for the case = 0, m = 0, the cross sections (22)-(27) with the structure functions (38)-(58) reduce to the ones in Ref. [1] with the following obvious identifications:
The D Using the above relations, one can then cross-check the formulae listed in Secs. II and IV. There is consistency between the published literature and the present work, although in some case there are typographical errors (for a detailed list, see Appendix B).
VI. CONCLUSION
In this paper, we have presented a slightly modified definition of the fragmentation functions compared to, e.g., Ref. [13] . We have proposed a new partial wave expansion for fragmentation functions, which allows a consistent framework for fragmentation into final states of any polarization.
This not only helps in the interpretation of cross section moments, but also has the advantage that the twohadron SIDIS cross sections, at any twist, can be derived from single-hadron SIDIS. Using this method, in this paper we present for the first time the expression of the two-hadron SIDIS cross section up to subleading twist, including the dependence upon the transverse momentum of involved particles.
The cross section has also been given in terms of structure functions, and the resulting expressions have been cross-checked with existing literature for specific cases.
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